We have constructed empirical formulae for fusion and interaction barrier heights using experimental values available in the literature. Fusion excitation function measurements are used for the former and back angle quasi-elastic excitation function for the latter case. The fusion barriers so obtained have been compared with various model predictions such as Bass potential, Christenson and Winther, Broglia and Winther, Aage Winther, Siwek-Wilczyńska and J.Wilczyński, Skyrme energy density function model, and the Sao Paulo optical potential along with experimental results. The comparison allows us to find the best model, which is found to be the Broglia and Winther model. Further, to examine its predictability, the Broglia and Winther model parameters are used to obtain total fusion cross sections showing good agreement with the experimental values for beam energies above the fusion barriers. Thus, this model can be useful for planning any experiments, especially ones aiming for super heavy elements. Similarly, current interaction barrier heights have also been compared with the Bass potential model predictions. It shows that the present model calculations are much lower than the Bass potential model predictions. We believe the current interaction barrier model prediction will be a good starting point for future quasi-elastic scattering experiments. Whereas both the Broglia and Winther model and our interaction barrier model will have practical implications in carrying out physics research near the Coulomb barrier energies.
I. INTRODUCTION
The basic characteristics of nuclear reactions are usually described by an interaction consisting of a repulsive Coulomb potential term and a short ranged attractive nuclear potential term. The resultant potential can be expressed as a function of the distance between the centres-of-mass of the target and projectile nuclei. When a projectile approaches the target nucleus it experiences a maximum force at a certain distance where the repulsive and attractive forces cannot balance each other, the repulsive Coulomb force is always higher. The projectile needs to overcome the barrier for coming close to the target nucleus. This barrier is referred to the fusion barrier (B f u ), which is a basic parameter in describing the nuclear fusion reactions. The kinetic energy of the projectile must be adequate to surmount this barrier in order to enter a pocket at the adjacent to the barrier at a shorter distance, where the nuclei undergo nuclear fusion processes. The barrier is determined by the excitation function measurement of nuclear fusion [1] , whereas it is estimated by many theoretical models such as Bass potential model [2, 3] , proximity potential model [4] , double folding model [5] , Woods-Saxon potential model [6] , and semi-empirical models such as Christenson and Winther (CW) model [7] , Broglia and Winther (BW) model [8] , Aage Winther (AW) model [9] , Denisov potential (DP) model [10] , Siwek-Wilczyńska and Wilczyński (SWW) model [11] , Skyrme potential model [12] , and the Sao Paulo optical potential (SPP) [13] .
The quasi-elastic (QEL) processes involving relatively small energy transfer to excite only nuclear levels in either one of the participating nuclei or in both become significant as soon as the two bodies approach within the range of the nuclear forces. The position where the resultant of the Coulomb and nuclear forces is still repulsive and additional energy is required to get the two bodies interacting over their mutual potential barrier. This barrier is hitherto somewhat smaller than the fusion barrier and is known as the interaction barrier (B int ), which is measured by the excitation function studies of QEL scattering experiment [14] . Obviously, the two barriers are different from each other as one is characterized by the fusion reaction and the other by the QEL scatterings [2, 3] . However, many-a-time the distinction is overlooked, for example, [14, 15] . Worth noting here that it is only the Bass model [2, 3] which can estimate the interaction barriers in addition to the fusion barriers.
Recently Sharma and Nandi [16] demonstrated the coexistence of the atomic and nuclear phenomenon on the elastically scattered projectile ions while approaching the Coulomb barrier. Here the projectile ion x-ray energies were measured as a function of ion beam energies for three systems 12 63 Cu) and observed unusual resonance like structures as the beam energy approaching the fusion barrier energy according to the Bass model [2, 3] . We expected the resonance near to interaction barrier as this technique resembled the quasi-elastic (QEL) scattering experiment [14] . To resolve this anomaly, we planned to examine both the fusion and interaction barriers in greater detail.
At present many experiments exist in the literature for the measurements of the fusion and interaction barrier heights. In this work, we have constructed an empirical formula for estimating the fusion barriers from the fusion excitation function measurements alone and another for the interaction barriers from the QEL scattering exper-iments only. In the next step, we have compared the empirical results so obtained with the predictions from the various models based on proximity type of potentials such as Bass potential [2, 3] and Christenson and Winther (CW) [7] and Woods-Saxon type of potentials such as Broglia and Winther (BW) [8] , Aage Winther (AW) [9] , Siwek-Wilczyńska and Wilczyński (SWW) [11] , Skyrme Potential (SP) [12] models, and the Sao Paulo optical potential (SPP) [13] . This comparison suggests for the need for further measurements in certain specified regions for both the cases. It is seen that this work will be useful in various applications [1] , for example, correct prediction of B f u may play important roles in experiments for the formation of super heavy elements [17] and that of B int finds its significance in physics research near the Coulomb barriers [16] .
II. DETERMINATION OF THE BARRIER HEIGHTS
The fusion cross section is plotted as a function of the beam energy to obtain the excitation function curve for the corresponding reaction. Whereas the fusion barrier is obtained from the barrier distribution plot, which is defined as the second derivative of the energy-weighted cross section
dE 2 versus beam energy in the center-of-mass frame [18] . Many articles report only the excitation function, in such cases the fusion cross section and corresponding beam energy have been multiplied to plot against the beam energy to obtain the double derivative. The
plot against beam energy have been fitted with the Gaussian function to obtain the fusion barrier heights.
Similarly, the interaction barrier can be obtained from the QEL excitation function studies as follows. The QEL scattering is affected by the sum of elastic, inelastic, and transfer processes, which is measured at backward angles of nearly 180 0 , where the head-on collisions are dominant. The barrier distribution is obtained by taking the first derivative, with respect to the beam energy, of the QEL cross-section relative to the Rutherford cross section, that is,
) [19] . This method has been examined in several intermediate-mass systems [20, 21] . One can notice that the QEL barrier distribution behaves similarly to the fusion barrier distribution, although the former is less sensitive to the nuclear structure effects.
III. GENERAL BACKGROUND
Theoretically, the total nucleus-nucleus interaction potential V T (R) between the projectile and target nuclei, in general, is given by
Where the first term V N (R) is the model dependent nuclear potential, the second is centrifugal potential, where µ = mpmt mp+mt is the reduced mass of the projectile mass m p and the target nuclei mass m t in MeV/c 2 units and l represents the angular momentum of the two body system. When we consider the fusion barrier of the system, l is set to zero which means the centrifugal or the second term is zero. The third term is the Coulomb potential similar to [22] and given by
Where the fusion barrier radius R B = R c (A
t ), R c depends on the system as discussed below and A p and A t are mass of projectile and target nuclei, respectively. Putting the first term of equation (1) from any particular model, one can get the fusion barrier radius, R B by using the condition
and
Hence, V T (R = R B ) = B f u and similarly, V T (R = R int ) = B int , where R int is the interaction barrier radius. Of course, V N (R) in equation (1) can be replaced by appropriate one, for the interaction barrier case as done in Bass potential model [2] .
IV. NUCLEAR POTENTIAL MODELS
We shall briefly discuss different models for V N (R) including one developed from fully experimental results in the present work.
A. Present empirical model
According to the definition for the Coulomb potential given above, the shape of the nuclear potential discussed below and representation of nuclear distances, for example, one given above for the barrier radius, B f u and B int may be written as a function of Z p , Z t , A p and A t .
Hence, the experimentally obtained B f u from fusion excitation function measurements and B int from QEL measurements can be plotted against z, where z =
, as shown in Fig.1(a) and Fig.1(b) , respectively. The fusion experiments used for Fig. 1 (a) and the QEL experiments used for Fig. 1(b) are given in Table I and II, respectively. Fusion data are available for 8 ≤ z ≤ 278, whereas QEL data for 59 ≤ z ≤ 313. We can notice that both B f u vs z and B int vs z are nonlinear. The whole range of data can either be fitted with two straight lines or a third-degree polynomial to obtain the reduced chisquare nearly equal to one. Nevertheless, the later fitting is found to be somewhat better and is thus used in this work. Fig 1(a) to obtain the empirical formula for estimating the B f u for any system in the bound 8 ≤ z ≤ 278. The polynomial function that fits the fusion excitation function data is as follows: and the other function that fits the B int vs z data is given below:
The empirical formula given in equation (5) can predict B f u for any system within 8 ≤ z ≤ 278. Such predictions have been compared with different models. Similarly, the B int values obtained from equation (6) we collated with the predictions of the Bass model.
To obtain R B , we follow the following method. The barrier height can be given as
and at
For instance, if we assume V N (R) in the form of WoodsSaxon potential and it is not clearly a function of z, assumed to be a constant. Hence, the derivative of the above equation w.r.t. z is as follows. 
Now we replace
dB f u dz from equation (5) we get
and thus the barrier radius R B .
B. Bass potential model
Bass potential model [2, 3] suggests that the Coulomb barrier for quasi-elastic surface reaction is in general different from the Coulomb barrier for fusion. The former results from the quasi-elastic processes, where no mass or energy transfer takes place, whereas both mass and energy can transfer in the latter. Further, the quasi-elastic processes become significant as the projectile and target nuclei approach to the range of nuclear forces, where the resultant of the Coulomb and nuclear forces is still repulsive. Thus additional energy is required to get the nuclei within the resultant attractive force, where the fusion can occur. According to the Bass model, the barriers responsible in the quasi-elastic reactions is called the interaction barrier B int and it can be determined from the elastic scattering experiments [14] . The other barrier is significant in fusion reactions and is defined as the fusion barrier B f u . The latter is equal to the height of the potential barrier for zero angular momentum. The total effective Bass potential consists of a Coulomb, nuclear and centrifugal terms,
Where d is the range of nuclear interaction. The influence of fragment (projectile or target nuclei) properties on this potential can be expressed in terms of the dimensionless parameters
Where x is the ratio of the Coulomb force to the nuclear force and yl 2 is the ratio of the centrifugal force to the nuclear force at the point of contact i.e., R pt = r 0 (A t ), r 0 =1.07 fm. Here, a s =17. 23 MeV is the surface constant as used in the liquid drop model of fission, m 0 the mass of a nucleon, A p and A t the mass number of projectile and target nuclei, respectively and other notations have usual significance. Whereas B f u acts at r = R pt + d f u , d f u is the fusion distance. The B int is applicable for an interaction distance between the two surfaces (d int ) or the centre to centre distance,
The fusion distance d f u can be approximately obtained from the relation
The d f u varies with the fragments in the nuclear interactions. The barriers B f u and B int can be obtained from
Here, it is assumed that d is independent of the mass of the nuclei. Hence, from the above relations, we get B f u > B int .
C. Christenson and Winther model
Christenson and Winther [7] derived the nucleusnucleus interaction potential on the basis of semi classical arguments as given by
where
and a is the diffuseness parameter a = 0.63f m. This form is similar to that of the Bass model [2] with different sets of radius parameter.
Here, the radius of the fusion barrier has the form
and the total nucleus-nucleus potential is
and thus, the fusion barrier can be obtained from U CW (R = R B ).
D. Broglia and Winther model
Broglia and Winther [8] have refined the CW potential [7] in order to make it compatible with the value of the maximum nuclear force of the proximity potential [4] . This refined force is taken as the standard Woods-Saxon potential given by
RpRt Rp+Rt , a = 0.63f m and
Here the nucleus radius R i is given by:
The surface energy coefficient (γ) has the form
Where γ 0 = 0.95M eV f m −2 and k s = 1.8. The total interaction potential of the two heavy ions is (27) and it displays a maximum, i.e., the fusion barrier and the barrier radius (R B ) is the solution of the following equation
and U BW (R B ) is the fusion barrier.
E. Aage Winther model
Aage Winther [9] adjusted slightly the parameters of the Broglia and Winther potential through an extensive comparison with the experimental data for heavy-ion elastic scattering. The resulting values of a and R i are as follows:
and R pt of the BW model is written as R pt = R p + R t only.
F. Siwek-Wilczyńska and Wilczyński model
Siwek-Wilczyńska and Wilczyński [11] have used a large number of reactions to determine an effective nucleus-nucleus potential for reliable prediction of the fusion barriers for the systems that are studied. In this approach the nucleus-nucleus potential is taken also as the Woods-Saxon shape is given in equation (23) . Where R pt = R p + R t and R i = R c A 1 3 i (i = p, t), the radius parameter R c is constant, a is the diffuseness parameter and V 0 is the depth of the potential. The V 0 is given by
Where S cn is the shell correction energy [23] and
Here Q f u is the ground state Q value for fusion and C i are the Coulomb energies [24] as follow
Therefore, the equation (31) can be written as
For determination of the fusion barrier, one considers the nucleus-nucleus potential in the region R > R pt as
For the region R < R p + R t , e R−R pt a −→ 0, the nucleusnucleus potential takes the form
Equation (35) gives thus the fusion barrier. It has only two free parameters R c and a as V 0 is known from equation (34) . These parameters are obtained by fitting the barrier heights from equation (35) . The experimental B f u values can be obtained where the measured fusion excitation functions are filled with the following expression.
Where X = E − B f u √ 2ω and Gaussian error integral function of the argument is X
The fitting gives three parameters the fusion barrier B f u , the relative distance corresponding to the position of the approximate barrier r σ and the width of the barrier w.
However
G. Skyrme Potential model
Skyrme energy density function model (SEDFM) has been introduced by Wang [25, 26] . The total binding energy of a nucleus can be represented as the integral of the energy density function [27] 
where energy-density function H has three parts: kinetic energy, Coulomb and nuclear interactions and is generally defined as follows
[τ p (r) + τ n (r)] + H coulomb (r) + H nuclear (r) (40) Where τ is the kinetic energy density. The interaction potential V B (r) is defined as
where E tot (R) is the total energy of the interacting nuclear system. E p and E t are the energies of the projectile and target at completely separated distance R, respectively. These energies can be calculated by the following relation
The densities of the neutron ρ n and proton ρ p for projectile and target can be described by the spherically symmetric Fermi function
where ρ 0 , c and a are the parameters of the densities of the participating nuclei in the reactions, which are obtained by using the density-variation approach and minimizing the total energy of a single nucleus given by the SEDFM [25, 26] . Using the Skyrme energy density formalism, Zanganeh et al. [12] have constructed a pocket formula for fusion barrier heights and positions in the range 8≤ z ≤ 168 with respect to the charge and mass numbers of the interacting nuclei as follows:
We have made use of the equation (44, 45) for SEDFM predictions for various reactions as shown in Table 2 and  Table 3 . Since, the SEDFM is based on the frozen density approximation, predicted values for each of the considered fusion systems are a bit higher than the corresponding experimental data.
H. Sao Paulo optical potential
This model [13] also takes a Woods-Saxon form for the nuclear potential as given in equation (23) . In the approximation of exp ( R B −R a ) 1, the R B can be written as:
where x = 27.1 ×
ZpZt is a positive dimensionless parameter. Note that the parameter x, which appears in the argument of the logarithm of the above equation, can also be written as x = exp(
) and is larger than one in most cases. The barrier potential V B is given by
.
V. DISCUSSION
We have constructed the empirical formulae for the fusion and interaction barrier heights using the experimental results available in the literature as mentioned above. The fusion barrier heights B f u and fusion barrier radius R B can be obtained from the equation (5) and (11), respectively. The B f u values obtained from various theoretical models for different systems, which are not used to formulate the present model, are compared with the experimental results in table III and Fig. 2 . Similar comparisons have also been done for R B in table IV and Fig. 3 . To check which model gives the best agreement with the experimental results, the differences of both B f u and R B values between the experiments and models have been plotted as a function of z also in Fig. 2 and 3 , respectively. Further, we obtained the sum of the squared residuals (SSR = n i=1 e 2 i ), where e i is the i th residual or difference and n is the number of data points, and mean squared error (σ 2 = SSR n−2 ) to find the minimum mean error (σ ). This analysis suggests that the CW model is the best and BW model is the second best for B f u . Whereas the BW model is the best and AW the second best for R B . Further, the Woods-Saxon potential (equation (23)) is more sensitive to the R B (R pt ) than V 0 and a parameters. Hence, the BW model can be taken as the best model. The BW model parameters for several reactions are compared with those obtained by others in Table V . Here, an important point is to note that though the current model is made out of the experimental results, still it is not found to be the best among the eight models considered here. It happens because of the fact that there are very few data exist for z > 150.
To examine whether the BW model provides good Woods-Saxon potential, we plan to make use of the parameters V 0 , r 0 (=R c ), and a 0 from this model as required by the CCFULL calculations [66] to obtain the total fusion cross sections and compare them with the experimental results. However, the radius parameters used in the BW model does not include r 0 . To introduce it there we rewrite equation (23) as follows:
Here R p and R t are taken from equation (25) .
We have used such Woods-Saxon potential parameters for many reactions in the CCFULL calculations without taking the coupling between the relative motion of colliding nuclei and the intrinsic degrees of freedom into account and compared with the experimental total fusion cross sections. Most of them give very good agreements at the beam energies larger than the fusion barriers as shown for two systems 19 Ca. It means these reactions do not need any coupling effects into account to increase the cross sections anymore. Whereas, the total fusion cross sections with the potential parameters used in [67] require the coupling effects to have agreements with the measured data. On the other hand, some reactions such as 58 Ni+ 58 Ni and 58 Ni+ 54 Fe require the coupling effects as usual [68] . One point may be worth noting that sometimes the CCFULL calculation does not reproduce the measured fusion cross sections and the measurement have been altered by introducing an "efficiency factor" so as to find the agreement [69] . In contrast, we notice a little variation of the r 0 parameter gives good agreement.
Next, the interaction barrier heights can be obtained from equation (6) 
VI. CONCLUSION
In this paper, using the experimental values available in the literature, empirical formulae for fusion and interaction barrier heights as well as barrier radii are introduced. The present study is restricted to the fusion and interaction reactions in the regime 8 ≤ z ≤ 278 and 59 ≤ z ≤ 313, respectively. We have carried out a comparative study of the fusion barrier as well as barrier radius between present empirical formula and various empirical and semi-empirical models along with experimental results. According to a thorough comparison with the experimental values, it is found that the Broglia and Winther model gives reasonable barrier heights in comparison with the present empirical model and various empirical and semi-empirical models. Further, to examine its predictability, the Broglia and Winther model parameters are used to obtain the total fusion cross sections and compared with the experimental values. The comparison shows good agreement at the energies above the fusion barriers, but below the barriers the predictions for some reactions show a departure from the experimental results.
Similarly, current interaction barrier heights are compared with only model available the Bass potential model predictions, because of the scarcity of measurements and other model predictions. Experiments are very essential in the lower z range. Whatsoever, the comparison shows that the present model predictions are much lower than the Bass potential model values. We believe the current model can be used as a guideline for estimating the interaction barrier heights for the future measurements even beyond the working range of the model by extrapolation. Comparison of the fusion barrier radius RB for different systems with experimental as well as various theoretical models. The reactions are listed in order of the increasing value of the z parameter. The values for our model is taken from the equation (11) . The superscript * indicates that the experimental radii for all the reactions are taken from the ones given in [11] . 
